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Abstract
In this paper, we study the spin chain and string excitation in the two-parameters q-
deformed AdS3×S3 proposed by Hoare [4]. We obtain the deformed spin chain model at
the fast spin limit for choices of deformed parameters. General ansatz for giant magnons
are studied in great detail and complicated dispersion relation is treated perturbatively. We
also study several types of hanging string solutions and their charges and spins are analyzed
numerically. At last, we explore its pp-wave limit and find its solution only depends on the
difference of deformed parameters.
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1 Introduction and summary
Since AdS/CFT correspondence was first advocated two decades ago [1], the dictionary of corre-
spondence has been getting more elaborated and precise. One of the sharpest correspondence has
been observed in the correspondence between a single trace operator of large dimension in N = 4
super Yang-Mills theory in large-N limit and a sting/brane configuration in AdS5 × S5 space-
time [2]. Integrability has played a prominent role in this correspondence; the problem of finding
anomalous dimension of the single trace operator leads to a problem of an integrable spin chain,
and the sigma model on the string world sheet also exhibits integrability. The sigma model may
be deformed with integrable structure intact and this deformation would correspond to a choice
of new background that preserves integrability. This integrable deformation has been attracting
attention and stimulates many works [2, 3]. Among many works that focus on one parameter
deformation of the sigma model, Hoare proposed a two-parameter deformation of sigma models
on the world-sheet of superstrings on AdS3 × S3 ×M4 with M4 being T 4 or S1 × S3 [4], and a
deformed metric on AdS3 × S3 was also presented based on the sigma-model deformation. In this
paper, we consider some string solutions on this deformed background and analyze the dispersion
relation. With this new deformed metric, we are interested in investigating several types of string
solution in this background.
The deformed metric involves two deformation parameter, κ+ and κ−, and we can assume
κ+ ≥ κ− without loss of generality due to the symmetry κ+ ↔ κ−. By taking κ− → 0 with κ+
fixed, it becomes a one parameter deformation case [5], while κ− → κ+ limit provides a known
squashed S3 case [6]. We thus explore the effect of the two parameter deformation near these
special point. The dispersion relations turn out to be complicated but some explicit forms are to
be given as a perturbative series.
The organization of the paper is as follows: In Section 2, the spin chain Hamiltonian obtained
from the sigma model on this back ground is discussed. In Section 3, long string solutions in
this background and its dispersion relation is analyzed. The PP-wave limit is briefly discussed in
Section 4. Section 5 serves summary and discussion. The appendix A summarizes some facts on
the two-parameter deformed geometry.
2 Spin chain from q2-deformed AdS3 (S
3)
The Heisenberg spin chain could be derived from the sigma model in the fast spinning limit, and
its Hamiltonian agrees with the one-loop calculation of anomalous dimensions in N = 4 super
Yang-Mills theory [7]. Although this quantity may no longer be protected in the deformed theory
with less symmetry, one can still study the effect of deformation to the spin chain Hamiltonian
and dynamics from gravity side. Let us consider the deformed metric in R × S3 ∈ AdS3 × S3[4].
In the deformed coordinates (95) and (96), after a twist of angular coordinates ϕ = φ1 + φ2 and
φ = φ1−φ2 for simplicity, we consider a spinning string at the center of AdS by rotating coordinate
φ1 → t+ φ˜1 and setting ρ = 0. The metric then reads
ds2 =
1
1 + κ2− cos2 θ + κ2+ sin2 θ
[
dθ2 − (κ+ − κ−)2 cos2 θ sin2 θ dt2
+
{
1 + (κ− cos2 θ + κ+ sin2 θ)2
}(
2dtdφ˜1 + dφ˜
2
1
)
1
+
{
1 + (κ− cos2 θ − κ+ sin2 θ)2
}
dφ22
+
(
cos 2θ + κ2− cos4 θ − κ2+ sin4 θ
)(
2dtdφ2 + 2dφ˜1dφ2
)]
. (1)
The case of one-parameter deformation, i.e. κ− = 0, has been studied in [8]. Here we will focus
on those novel cases where κ− 6= 0. With the choice of gauge t = κ0τ and taking fast-moving
limit: κ± → 0, X˙µ → 0, κ0 →∞, but κ0κ± and κ0X˙µ being kept fixed, one obtains the pull-back
string action:
S =
T
2
∫
dτdσ
[
C sin2 2θ + 2κ0(
˙˜φ1 + cos 2θφ˙2)− θ′2 − φ˜′21 − φ′22 − 2 cos 2θφ˜′1φ′2
]
, (2)
where C = −κ20(κ+ − κ−)2/4. Using one of the Virasoro constraints,
2κ0(φ˜
′
1 + cos 2θφ
′
2) = 0, (3)
one obtains a q−deformed spin chain with Hamiltonian density
H = θ′2 + sin2 2θφ′22 − C sin2 2θ (4)
This is more or less a Heisenberg XXZ spin chain. To see that, one first rescales θ → θ/2, φ2 → φ2/2
and defines a new Hamiltonian H ≡ 4(H + C). Then one obtains a spin chain interacting with
magnetic field along z-axis, that is
H = ~n′ · ~n′ + (~n · ~B)2, (5)
where the spin vector ~n = (sin θ cosφ2, sin θ sinφ2, cos θ) and an external magnetic field ~B =
(0, 0, 2
√|C|). Similar result was obtained before in the case of deformed three-sphere[9].
3 Open string solutions
3.1 One-spin giant magnon solution
We start with a simple case of the basic giant magnon solution that has one spin in S3, by following
[13]. Because of Z2 symmetry of κ+ ↔ κ−, we assume κ+ ≥ κ− without loss of generality; the
κ− → 0 limit corresponds to the one-parameter deformation case. We take the ansatz
t =κτ , ψ = Ψτ , ρ = ρ(τ) , (6)
ϕ =ω(τ + h(y)) , θ = θ(y) , φ = 0 , (7)
where y = σ − vτ and 0 < v < 1.
The equation of motion for t admits a constant ρ solution. We choose ρ = 0 which is consistent
with the equation of motion. The action and the Virasoro constraints are
I =− Tˆ
2
∫
dτdy
[
κ2 + (1− v2)gθθθ′2 + ω2gϕϕ
(
(1− v2)h′2 + 2vh′ − 1)] , (8)
2
0 =− κ2 + (1 + v2)gθθθ′2 + ω2gϕϕ
(
(1 + v2)h′2 − 2vh′ + 1) , (9)
0 =− vgθθθ′2 + ω2gϕϕh′(1− vh′) , (10)
where the prime denotes y derivative. The h equation, once integrated, leads to
ω2gϕϕ
(
(1− v2)h′ + v) = C , (11)
where C is the constant of integration. By eliminating θ′2 from two Virasoro constraints, one finds
C = vκ2. Thus,
h′ =
v
1− v2
[
κ2
ω2gϕϕ
− 1
]
. (12)
The θ equation is
θ′2 =
ω2
gθθgϕϕ(1− v2)2
(
κ2
ω2
− gϕϕ
)(
gϕϕ − v
2κ2
ω2
)
. (13)
In terms of r = cos θ coordinate (0 ≤ r ≤ 1),
r′2 =
ω2
(1− v2)2
[1 + κ2−(1− r2) + κ2+r2]2
1 + κ2−(1− r2)
(
κ2
ω2
− gϕϕ
)(
gϕϕ − v
2κ2
ω2
)
, (14)
where
gϕϕ =
(1− r2)(1 + κ2−(1− r2))
1 + κ2−(1− r2) + κ2+r2
. (15)
Note that gϕϕ is a monotonically decreasing function of r from gϕϕ = 1 (r = 0) to gϕϕ = 0 (r = 1)
under the condition κ+ ≥ κ−. In order to have a physical solution, r′ has to be real. Namely
r′2 ≥ 0. This leads to the condition,
v2κ2
ω2
≤ gϕϕ ≤ κ
2
ω2
. (16)
Thus, v2 ≤ 1 and v2 ≤ ω2/κ2 are required. We require that there exists two turning points; this
implies ω ≥ κ. Two roots are given by
gϕϕ(rmin) =
κ2
ω2
, gϕϕ(rmax) =
v2κ2
ω2
. (17)
A general root for the condition gϕϕ(r0) = C is given by
r20 =
1
2κ2−
[
2κ2− + 1 + C(κ2+ − κ2−)−
√(
2κ2− + 1 + C(κ2+ − κ2−)
)2 − 4κ2−(1 + κ2−)(1− C)] , (18)
where we have taken the − branch solution since it has a smooth κ− → 0 limit, r20 = (1−C)/(1 +
κ2+C), which agrees with the expression in [13]. Thus,
rmin =
√√√√2κ2− + 1 + κ2ω2 (κ2+ − κ2−)
2κ2−
[
1−
√
1− 4κ
2−(1 + κ2−)(1− κ2ω2 )
[2κ2− + 1 + κ
2
ω2
(κ2+ − κ2−)]2
]
, (19)
3
rmax =
√√√√2κ2− + 1 + v2κ2ω2 (κ2+ − κ2−)
2κ2−
[
1−
√
1− 4κ
2−(1 + κ2−)(1− v2κ2ω2 )
[2κ2− + 1 + v
2κ2
ω2
(κ2+ − κ2−)]2
]
. (20)
Now we calculate the various conserved charges. The angular momentum J(= J1) is
J =2Tˆ
∫ rmax
rmin
dr
|r′| gϕϕω(1− vh
′)
=2Tˆ
∫ rmax
rmin
dr
√
grr(r)gϕϕ(r)
√
gϕϕ(r)− gϕϕ(rmax)
gϕϕ(rmin)− gϕϕ(r) . (21)
We also have
2pi =
∫ pi
−pi
dσ =
∫ pi
−pi
dy = 2
∫ rmax
rmin
dr
|r′|
=2
1− v2
ω
∫ rmax
rmin
dr
√
grr(
gϕϕ(r)− gϕϕ(rmax)
)(
gϕϕ(rmin)− gϕϕ(r)
) . (22)
For later convenience, we define
gϕϕ(r)− gϕϕ(r0) = r
2
0 − r2
u1(r2)u1(r20)
u3(r
2
0; r
2) , (23)
u1(r
2) =1 + κ2+r2 + κ2−(1− r2) , u2(r2) = 1 + κ2+ + κ2−(1− r2) , (24)
u3(r
2
0; r
2) =(1 + κ2−)u2(r20)− κ2−u1(r20)r2 . (25)
The energy is given by (recall that gtt(ρ = 0) = −1)
E =− Pt = Tˆ
∫ pi
−pi
dσ (−gtt)∂τ t = −2piκTˆ . (26)
Namely, the constant κ is related to the energy as
κ =− E
2piTˆ
. (27)
Infinite J limit Following [13], we consider the infinite J giant magnon. This corresponds to
rmin = 0, namely,
ω2 = κ2 =
E2
(2piTˆ )2
. (28)
In this case, the spin J and the constant factor 2pi are
J =
2Tˆ√
u1(r2max)
∫ rmax
0
dr
1
u1(r2)
√
r2max − r2
r2
u3(r2max; r
2)u4(r2)
u2(r2)
. (29)
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2pi = 2
1− v2
ω
√
u1(r2max)
∫ rmax
0
dr
√
1
r2(r2max − r2)
u4(r2)
u3(r2max; r
2)u2(r2)
, (30)
where both of them are divergent quantities. We need to choose a constant K such that 2piK − J
becomes finite. This K will be related to the energy E and it will give a dispersion relation
E−J = finite. The divergence is due to the lower end of the integral r = 0, and in order to cancel
this divergence K is chosen to be
K = ωTˆ . (31)
This is the same result as in [13] except the overall sign. (In [13], their J has an opposite sign.
But we may choose the sign of K for J to have a positive value.) We choose the positive root of
ω = E/(2piTˆ ), and
E − J
=2Tˆ
∫ rmax
0
dr
1
r
√
u1(r2max)
√
1 + κ2−(1− r2)
(r2max − r2)u2(r2)u3(r2max; r2)
[
r2maxu2(r
2
max)−
(r2max − r2)u3(r2max; r2)
u1(r2)
]
.
(32)
We may want to represent the dispersion relation E − J as a function of the momentum (or the
deficit angle of the string configuration), but the current expression is too complicated to analyze
analytically. We thus consider perturbative corrections with respect to κ−. First,
r2max =r
2
max,0
[
1 +
v4κ2+(1 + κ2+)
(1 + v2κ2+)2
κ2− −
v6κ2+(1 + κ2+)
(
1 + (2− v2)κ2+
)
(1 + v2κ2+)4
κ4− +O(κ6−)
]
, (33)
where r2max,0 =
1−v2
1+v2κ2+
. In order to avoid a unnecessary divergence, we first expand the integrands
and integrate them to rmax, and then expand the results in terms of κ−. This leads to
E − J =2Tˆ
[
κ4+ + κ2+κ2− + κ4−
κ5+
sinh−1
(
κ+rmax,0
)
−
κ2−rmax,0
√
1 + κ2+r2max,0
2κ2+(1 + κ2+)
(
2 + 3κ+2 − 2κ2+r2max,0
)
+
κ4−rmax,0
√
1 + κ2+r2max,0
24κ4+(1 + κ2+)2
[
2κ6+r2max,0
(
24r4max,0 − 56r2max,0 + 35
)
+ κ4+
(−8r4max,0 + 20r2max,0 − 15)+ 16κ2+ (r2max,0 − 3)− 24]
+O(κ6−)
]
, (34)
where we have used v2 = (1− r2max,0)/(1 + κ2+r2max,0).
The momentum corresponds to the angle spanned by asymptotic directions of the string,
p =∆ϕ =
∫
dϕ = 2
∫ rmax
rmin
dr
|r′|ϕ
′
5
=2v
∫ rmax
0
dr
√
u1(r2max)
r
1− r2
√
u2(r2)(
r2max − r2
)
u3(r2max; r
2)u4(r2)
. (35)
In the κ− → 0 limit, it is reduced to rmax,0 = sin p2 [13]. Small κ− corrections for p are calculated
as
p =2 arcsin rmax,0
−
κ2−rmax,0
√
1− r2max,0
(
2κ2+r2max,0 + 1
)
κ2+ + 1
−
κ4−rmax,0
√
1− r2max,0
(
48κ4+r6max,0 − 8κ2+
(
7κ2+ − 6
)
r4max,0 +
(
6− 60κ2+
)
r2max,0 − 9
)
12 (κ2+ + 1)
2
+O(κ6−) . (36)
This relation can be inverted to rmax,0 = sin
p
2
+ · · · . By substituting this into E − J result, we
obtain perturbative corrections to the dispersion relation,
E − J
=2Tˆ
[
κ4+ + κ2+κ2− + κ4−
κ5+
sinh−1
(
κ+ sin
(p
2
))
+
κ2− sin
(
p
2
)
16κ2+ (κ2+ + 1)
√
κ2+ sin2
(
p
2
)
+ 1
[
κ4+ sin
(p
2
)(
15 sin3
(p
2
)
− 10 sin2
(p
2
)
− 20 sin
(p
2
)
+ 7
)
− 2κ2+
(
sin2
(p
2
)
+ 3 sin
(p
2
)
+ 8
)
− 16
]
+
κ4− sin
(
p
2
)
1536κ4+ (κ2+ + 1)
2 (κ2+ sin2 (p2)+ 1)3/2
×
[
κ10+ sin3
(p
2
)(
2700 sin7
(p
2
)
− 3360 sin6
(p
2
)
− 4211 sin5
(p
2
)
+ 4569 sin4
(p
2
)
+ 2843 sin3
(p
2
)
− 1941 sin2
(p
2
)
− 147 sin
(p
2
)
− 69
)
+ κ8+ sin
(p
2
)(
4423 sin7
(p
2
)
− 5964 sin6
(p
2
)
− 5347 sin5
(p
2
)
+ 7167 sin4
(p
2
)
+ 3363 sin3
(p
2
)
− 2997 sin2
(p
2
)
− 69
)
+ 4κ6+ sin
(p
2
)(
519 sin5
(p
2
)
− 699 sin4
(p
2
)
− 546 sin3
(p
2
)
+ 660 sin2
(p
2
)
− 224 sin
(p
2
)
− 222
)
− 4κ4+
(
39 sin4
(p
2
)
+ 54 sin3
(p
2
)
+ 1024 sin2
(p
2
)
− 45 sin
(p
2
)
+ 384
)
6
− 1024κ2+
(
2 sin2
(p
2
)
+ 3
)
− 1536
)]
+O(κ6−) . (37)
The first term is a generalization of the result of [13]; the coefficient has some κ− corrections.
The other terms are corrections in terms of sin
(
p
2
)
. It is interesting to see how this complicated
dispersion relation can be obtained via a dual gauge theory, but at this moment it is not clear.
3.2 Two-spin “spiky” string solution
We next try the two spin ansatz of [16],
t =τ + h1(y) , ρ = ρ(y) , ψ = ω[τ + h2(y)] , φ = Ωτ , θ =
pi
2
, (38)
where y = σ − vτ . In this case, as we will see, we find several types of hanging string solutions,
rather than a spiky string solution. The action is
I =− Tˆ
2
∫
dτdy
[
gtt
(
(1− v2)h′21 + 2vh′1 − 1
)
+ gρρ(1− v2)ρ′2 + gψψω2
(
(1− v2)h′22 + 2vh′2 − 1
)
+ 2gtψω
(
(1− v2)h′1h′2 + v(h′1 + h′2)− 1
)− Ω2] . (39)
The equations of motion for h1 and h2, after once integrated, are
gtt
(
(1− v2)h′1 + v
)
+ ωgtψ
(
(1− v2)h′2 + v
)
= −c1 , (40)
ω2gψψ
(
(1− v2)h′2 + v
)
+ ωgtψ
(
(1− v2)h′1 + v
)
= ω2c2 , (41)
where c1 and c2 are constants of integration. The negative sign for c1 and an extra ω
2 for c2 are
for later convenience. Thus,
h′1 =
1
1− v2
[
1− κ2+ sinh2 ρ
cosh2 ρ
c1 + ωκ+κ−c2 − v
]
, (42)
h′2 =
1
1− v2
[
− κ+κ−c1
ω
+
1 + κ2− cosh
2 ρ
sinh2 ρ
c2 − v
]
. (43)
By eliminating ρ′2 from two Virasoro constraints,
0 =gtt
(
(1 + v2)h′21 − 2vh′1 + 1
)
+ gρρ(1 + v
2)ρ′2 + gψψω2
(
(1 + v2)h′22 − 2vh′2 + 1
)
+ 2gtψω
(
(1 + v2)h′1h
′
2 − v(h′1 + h′2) + 1
)
+ Ω2 , (44)
0 =gtth
′
1
(
1− vh′1
)− gρρvρ′2 + ω2gψψh′2(1− vh′2)+ ωgtψ(h′1 + h′2 − 2vh′1h′2) , (45)
we obtain
gtt
(
(1− v2)h′1 + v
)
+ ω2gψψ
(
(1− v2)h′2 + v
)
+ ωgtψ
(
(1− v2)(h′1 + h′2) + 2v
)
+ vΩ2 = 0 . (46)
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Using (40) and (41), we find the relation for the constants of integration,
c1 − ω2c2 = vΩ2 . (47)
From now on, we set Ω = 1 for simplicity. We take the solution c1 = v and c2 = 0 [17] which
satisfies the condition for forward propagation of the string,
dt
dτ
=
v
1− v2
[
1
v
− 1− κ
2
+ sinh
2 ρ
cosh2 ρ
c1 − κ+κ−ωc2
]
> 0 . (48)
The solutions are now
h′1 =− (1 + κ2+)
v
1− v2 tanh
2 ρ , h′2 = −
(
1 +
κ+κ−
ω
)
v
1− v2 . (49)
ρ′ can be obtained from these two solution and the second Virasoro constraint,
(ρ′)2 =
tanh2 ρ
(1− v2)2f(ρ) , (50)
f(ρ) =(ωκ+ − κ−)2 cosh4 ρ+ (1 + κ2+)
(
1− ω2 + v2(κ2+ − κ2−)
)
cosh2 ρ− v2(1 + κ2+)2 . (51)
Note that ρ′ → ±∞ for ρ→∞. We may write
ρ′ =± tanh ρ
1− v2
√
f(ρ) , (52)
and f(ρ) = 0 has two roots as a function of cosh2 ρ as
cosh2 ρ± =
1 + κ2+
2(ωκ+ − κ−)2
[
− 1 + ω2 − v2(κ2+ − κ2−)
±
√(
(1− ω)2 + v2(κ+ − κ−)2
)(
(1 + ω)2 + v2(κ+ + κ−)2
)]
, (53)
where ωκ+ − κ− 6= 0 is assumed.
Let us examine the allowed region of ρ. The original metric has a singularity at (recall that
κ+ ≥ κ− is assumed)
ρs = sinh
−1
[√
1 + κ2−
κ2+ − κ2−
]
, (54)
It is not difficult to check that ρ± and ρs satisfy the following inequalities,
cosh2 ρ− ≤ 0 , ρs ≥ ρ+ . (55)
Therefore, ρ− is not real. Since (ρ′)2 → ∞ for ρ → ∞, ρ′ is real for ρ+ ≤ ρ. Thus, the possible
classical solutions exist in the following regions:
(I) : ρ+ ≤ ρ ≤ ρs (II) : ρs ≤ ρ <∞ (56)
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where the region (I) is valid if ρ+ is real. This condition for ρ+ to be real is
ω ≥ −κ+κ− +
√
(1− v2)(1 + κ2+)(1 + κ2−) , ω ≤ −κ+κ− −
√
(1− v2)(1 + κ2+)(1 + κ2−) .
(57)
Otherwise, there exists no turning point, and we consider
(I)′ : 0 ≤ ρ ≤ ρs . (58)
This can also be viewed as a hanging string solution from the singular surface to the center of AdS.
The results with real ρ+ cases are summarized in Fig. 1 and 2. It contains the both region (I)
and (II), and they are separated by the locations of the singular surfaces (the horizontal dashed
lines in the figures). Fig. 1 shows the profiles for a general parameter setting, while Fig. 2 displays
two special cases. The left one is for κ+ = κ−, and then the singular surface is pushed to infinity.
The right one is the case with κ− = 0 which is reduced to the one-parameter deformation result.
When ω is small ρ+ becomes imaginary. So the solutions run from ρ = 0 to ρs (and further). This
case is summarized in Fig. 3.
κ− = 0
κ− = 0.3
κ− = 0.5
κ− = 0.3
κ− = 0
ω = 1.02
ω = 1.04
Figure 1: Hanging string solutions with v = 0.1. (Left) ω = 1.3 and κ+ = 0.5, and varied
values of κ− = 0, 0.3, 0.5. (from darker color to brighter). The horizontal dashed lines indicate
the locations of the corresponding singular surfaces; ρs = 1.44364 (κ− = 0), 1.68735 (κ− = 0.3),
and ∞ (κ− = 0.5). (Right) Varying ω = 1.02, 1.04, 1.06, 1.08 (from the outermost darkest one to
inside) with fixed κ− = 0.1 and κ+ = 0.2. The value of ρs = 2.45875.
Dispersion relation The conserved charges, in the region (I), are
E =− Tˆ
∫
dσ gttt˙ =
Tˆ
1− v2
∫ ρs
ρ+
dρ
ρ′
(
1 + κ2− cosh
2 ρ
)
(cosh2 ρ− v2(1− κ2+ sinh2 ρ))
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
, (59)
S =Tˆ
∫
dσ gψψψ˙ =
ωTˆ
1− v2
∫ ρs
ρ+
dρ
ρ′
sinh2 ρ(1− κ2+ sinh2 ρ)
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
(
1 +
v2
ω
κ+κ−
)
, (60)
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κ+ = 0.5
κ+ = 0.3
κ+ = 0.5
κ+ = 0.3
κ+ = 0.1
κ+ = 0.3
κ+ = 0.5
Figure 2: Hanging string solutions in special cases. (Left) κ+ = κ− case. Namely ρs = ∞.
The parameters are v = 0.1, ω = 1.3, and κ+ = κ− = 0.01, 0.1, 0.3, 0.5 (from the innermost
darkest color to outside). (Right) κ− = 0 case; namely the one-parameter deformation case. The
parameters are v = 0.1, ω = 1.3, and κ+ = 0.1, 0.3, 0.5 (from the innermost darkest color to
outside). The corresponding locations of the singular surface are ρs = 2.99822, 1.9189, 1.44364.
J2 =Tˆ
∫
dσ gφφφ˙ = Tˆ
∫ ρs
ρ+
dρ
ρ′
, (61)
and J1 = 0. The lower end ρ+ should be understood as ρ+ = 0 if it takes a complex value. The
dispersion relation is expressed as
E − J2
Ω
=
S
ω
+K(κ+,κ−) , (62)
where the reminder function K(κ+,κ−) is
K(κ+,κ−)
=
Tˆ
ω(1− v2)
∫
dy
sinh2 ρ
[
ωκ2+ cosh
2 ρ+ ω(1 + v2κ2+)κ2− cosh
2 ρ− v2κ+κ−(1− κ2+ sinh2 ρ)
]
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
,
(63)
which vanishes in the κ± → 0 limit as it should, and the dispersion relation of the undeformed
case in [17] is recovered.
In the case of the region (I), the conserved charges are finite (ρs works as a natural cutoff). For
example, for ω = 1, v = 0.1, κ− = 0.1 and κ+ = 0.2 (this is in the region (I),
E/Tˆ = 322.691, S/Tˆ = −39.427, J2/Tˆ = 63.829 , K/Tˆ = 298.289 . (64)
For small values of κ±, we plot the energy, the spins and the reminder function in Figure 4. The
reality condition (57) for ω = 1.0 and v = 0.1 suggests that the real values exist about κ± ≤ 0.2.
10
κ− = 0.5
κ− = 0
κ− = 0.3
κ− = 0
ω = 0.9
ω = 0.7
Figure 3: Hanging string solutions with the case (I)′. In this case, the solutions reach the center
of AdS, ρ = 0. (Left) Varying κ−. v = 0.1, ω = 0.9 and κ+ = 0.5, and varied values of
κ− = 0, 0.3, 0.5. (from the innermost darkest one to outside). The corresponding values of ρs are
ρs = 1.44364, 1.68735,∞. (Right) Varying ω. v = 0.1, κ− = 0.1, κ+ = 0.2 and ω = 0.7, 0.8, 0.9
(from the innermost darkest one to outside). The corresponding ρs = 2.45875.
4 PP-wave limit
Following [10, 11], we will take the pp-wave limit. First we perform the coordinate transformation
in (95) and (96)
z = 2
√
2eρ0−ρ, x± = eρ0∓θ0(ψ ± t) (65)
and then take following limits: send both ρ0, θ0 → ∞ but keep their difference finite such that
eθ0−ρ0 ≡ 2µ. We would also like to have a controllable way to incorporate the deformation. A
simple but nontrivial limit is to send κ± → 0, but instead keep κ±eρ0 finite. The metric after
scaling becomes
ds2pp '
1
z2
[2dx+dx− − µ2z2dx2+ −
µ2
z2
∆2dx2+ + dz
2], (66)
where ∆ ≡ 2(κ+ − κ−)e2ρ0 . We briefly look at two types of solutions in this background.
Moving straight string solution We consider the following ansatz [10],
x+ = τ , x− = V τ , z = z(σ) . (67)
By looking at a point with constant z (a point on the world-sheet with a fixed σ),
ds2 =
1
z2
(
2V − µ2
(
z2 +
∆2
z2
))
dτ 2 . (68)
we find a condition for a part of the string not to travel faster than light; namely, z has to satisfy
the condition,
z2 +
∆2
z2
≥ 2V
µ2
, (69)
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10−3E/Tˆ 10−3S/Tˆ
10−3J2/Tˆ 10−3K/Tˆ
Figure 4: The energy, the spins and the reminder function in the region (I), for 0 ≤ κ− ≤ κ+ ≤
0.05. ω = 1.0 and v = 0.1. The scale of the vertical axes is divided by 1000.
and the string may not reach the boundary.
The Nambu-Goto action is
I = −T
∫
d2σ
z′
z
√
µ2
(
z2 +
∆2
z2
)
− 2V , (70)
where we use z ≥ 0 and assume z′ ≥ 0; namely z(σ) is monotonic in σ. With respect to the choice
of the parameters, different ranges of z are allowed in the condition (69):
• If V 2 ≤ µ4∆2, arbitrary z (and then σ) satisfies the condition. The solution is z = σ,
0 ≤ σ < ∞, and the string reaches the boundary. It covers the above light-like solution.
Note that for ∆ 6= 0, the string can reach the boundary for V > 0.
• If V 2 > µ4∆2, we have two branches: one is z = σ, σ1 ≤ σ <∞ with
σ1 =
√
V
µ2
√
1 +
√
1− µ
4∆2
V 2
, (71)
which is similar to the straight string solution of [10]; a folded string with the spike not
reaching the boundary. The other is z = σ, 0 ≤ σ ≤ σ2 with
σ2 =
√
V
µ2
√
1−
√
1− µ
4∆2
V 2
, (72)
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which is a folded string solution that reaches to the boundary and it turns back at a point
in the bulk.
Now we focus on the solution with σ1 ≤ σ ≤ ∞, which is a generalization of the straight line
solution. Note that this case corresponds to a small ∆. The conserved charges are
P+ =µT
[
−
√
σ4 − 2V
µ2
σ2 + ∆2
2σ2
+
1
2
log
(
− V
µ2
+ σ2 +
√
σ4 − 2V
µ2
σ2 + ∆2
)]b
a
, (73)
P− =
T
2µ∆
[
log
2∆2 − 2V
µ2
σ2 + 2∆
√
σ4 − 2V
µ2
σ2 + ∆2
σ2
]b
a
, (74)
where a and b represent the two ends of the string. For σ1 ≤ σ <∞, we introduce a large R for a
cutoff.
P+ =µT
[
1
2
(− 1 + log 2R2)+O(R−4)− 1
2
log
(
σ21 −
V
µ2
)]
, (75)
P− =
T
2µ∆
[
log
(
1− ∆µ
2
V
)
− log
(
1− µ
2∆2
V σ21
)]
. (76)
A standard dictionary of the folded string solution in AdS space reads[18]
P+ =Pt + Pθ = E − S , P− = −Pt + Pθ = −(E + S) . (77)
Then
S =− 1
2
(P+ + P−)
=
|P−|
2
+
µT
4
[
1 + log
(
∆
2R2
coth
[
2µ∆|P−|
T
]√
1− tanh2 2µ∆|P−|
T
)]
. (78)
This relation can be inverted in the large S limit. We first consider a small ∆ limit and take
inversion,
|P−| =2S + µT
2
(
− 1 + ln 4µR
2|P−|
T
)
+
µ2∆2|P−|2
3T
+O(∆4)
=2S +
µT
2
(
lnS + ln
8µR2
T
− 1
)
+
µ2T 2
8S
(
lnS + ln
8µR2
T
− 1
)
+O(S−2)
+ ∆2
[
4µ3S2
3T
+
2µ4S
3
(
lnS + ln
8µR2
T
− 1
2
)
+O(lnS)
]
+O(∆4) . (79)
Thus, the dispersion relation is expressed as
E − S =P+ = µT
2
(
− 1 + ln |P−|+ ln 4µR
2
T
)
+
µ3|P−|2
3T
∆2 +O(∆4)
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=
µT
2
(
lnS + ln
8µR2
T
− 1
)
+
µ2T 2
8S
(
lnS + ln
8µR2
T
− 1
)
+ ∆2
[
4µ3S2
3T
+
2µ4S
3
(
lnS + ln
8µR2
T
− 1
2
)]
+ · · · . (80)
In the large-S limit, ∆ correction terms become dominant and the standard relation E−S ∝ lnS
is spoiled. It may suggest that two limits (S →∞ and ∆→ 0) are not interchangeable.
Periodic spike solutions We next consider the ansatz for the periodic spike solution [10],
x+ = τ , x− = σ , z = z(ξ) . (81)
Here
ξ = τ − 1
η20
σ = −v − 1√
2
(
x− vt) , η20 = v − 1v + 1 (82)
and v > 1. A point with fixed z is therefore traveling in x direction with speed v. By using ∂τ = ∂ξ
and ∂σ = − 1η20 ∂ξ, the equation of motion for x− becomes
0 =∂σ
[
x′− + z˙z
′
z2F
]
− ∂τ
[
z′2
z2F
]
= −∂ξ
[
1
η20z
2F
]
(83)
with
F =
√
1− (∂ξz)
2
η20
{
2− µ
2
η20
(
z2 +
∆2
z2
)}
. (84)
This can be integrated as
∂ξz =
η20
µz2
√
z40 − z4
z2 + ∆
2
z2
− z21
=
η20
µz
√
z40 − z4
z4 − z21z2 + ∆2
(85)
with z1 =
√
2η0/µ and z0 is a constant of integration, z
2F = z20 .
Here, we look at z equation of motion,
0 =∂ξ
[
∂ξz
η20z
2F
(
2− µ
2
η20
(
z2 +
∆2
z2
))]
+
2F
z3
− µ
2(∂ξz)
2
η40z
2F
(
z − ∆
2
z3
)
. (86)
Now we apply the following relations that are from x− equation of motion (and its ξ derivative),
z2F =z20 ,
(
2− µ
2
η20
(
z2 +
∆2
z2
))
∂2ξ z =
2η20z
4
0
z5
+
µ2(∂ξz)
2
η20
(
z − ∆
2
z3
)
, (87)
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and then
0 =
∂2ξ z
η20z
2
0
(
2− µ
2
η20
(
z2 +
∆2
z2
))
− 2µ
2(∂ξz)
2
η40z
2
0
(
z − ∆
2
z3
)
− 2z
2
0
z5
+
µ2(∂ξz)
2
η40z
2
0
(
z − ∆
2
z3
)
, (88)
where in the first equality the first relation of (87) is used and in the last the second used. Namely,
z equation of motion is also satisfied.
The turning point is given by z = z0. The position of the spike is
z2 =
1
2
(
z21 ±
√
z41 − 4∆2
)
=
η20
µ2
(
1±
√
1− µ
4∆2
η40
)
, (89)
for η20 > µ
2∆. If η20 ≤ µ2∆, the denominator inside the square root does not take zero, and the
position of the spike is z = 0; namely the spike reaches to the boundary. In this case, we do
not investigate the dispersion relation in detail, but we present the expressions of the conserved
charges,
P+ =− 2η
2
0T
z20
∫ z˜1
z˜0
dz
∂ξz
[
1− (∂ξz)
2
η20
{
1− 2
z21
(
z2 +
∆2
z2
)}]
=− 2µT
z20
∫ z˜1
z˜0
dz
[
z
√
z4 − z21z2 + ∆2
z40 − z4
− z
2
1
2z
√
z40 − z4
z4 − z21z2 + ∆2
{
1− 2
z21
(
z2 +
∆2
z2
)}]
, (90)
P− =2
η20T
z20
∫ z˜1
z˜0
dz
1
η40
∂ξz =
2T
µz20
∫ z˜1
z˜0
dz
1
z
√
z40 − z4
z4 − z21z2 + ∆2
, (91)
where z˜0 and z˜1 are the turning points of the string solution and the factor two comes from the
configuration being folded. It is easy to check that they come back to (33) and (34) of [10] in the
∆→ 0 limit.
5 Conclusion
In this paper, we have considered the classical string solutions in the two parameter deformation
of AdS space constructed by Hoare [4]. We first observe that in the fast spinning limit, the string
Hamiltonian coincides with a spin chain Hamiltonian in a small deformation parameter limit.
Therefore, the integrability may be preserved in this background at least in the case of small
deformation. We further construct the giant magnon solutions and the hanging string solutions.
They are obtained as a generalization of the one-parameter deformation case. We also derive the
expression of the conserved charges. It however turns out that the dispersion relation takes a fairly
complicated form in the two parameter deformation; we then consider a perturbative expansion of
the dispersion relation. In this geometry, there appears the surface of singularity whose location is
determined by the two deformation parameters. In the hanging string case, there appear several
types of solutions; hung from the singular surface, stretching between the boundary and the singular
surface, or reaching to the center of AdS space. We also numerically evaluated the energy and
the spins in this case. Finally, we consider the PP-wave limit of this background. The PP-wave
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background is characterized by a parameter which is essentially the difference of two deformation
parameter. When this parameter is small, we can evaluate the dispersion relation for the moving
straight string solution. We also briefly looked at the existence of periodic spike solutions. In
the appendix, we briefly discuss the PP-wave limit near the singular surface and find a similar
structure that appears in the PP-wave limit near the boundary. This would imply another clue
for the similarity between the theories near the singular surface and the AdS boundary.
The solutions obtained in this paper are generalization of the solutions in the one parameter
deformed background. Although the results including two deformation parameter is complicated
and not so illuminating, we can consider some future directions. First, we may calculate var-
ious physical quantities with these classical solutions; the holographic entanglement entropy or
the complexity from the Wheeler-de Wit patch are some examples. At least in the limit of the
parameters discusses in this paper, we will be able to evaluate these values and observe how their
behavior changes due to the deformations. The dual gauge theory corresponding to this geometry
is still unclear. We also hope that some hints on the dual gauge theory side are obtained through
further study of the classical solutions presented in this paper.
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A Two-parameter deformation of AdS3 × S3 geometry
In this appendix, we present a briefly summary of the two-parameter q-deformed AdS3 × S3
geometry presented by Hoare[4] and the singular surface of this geometry. AdS part and the
sphere part metrics are given by
ds2 =ds2A3 + ds
2
S3 , (92)
ds2A3 =
1
1 + κ2−(1 + ρ˜)2 − κ2+ρ˜2
×
[
dρ˜2
1 + ρ˜2
− (1 + ρ˜2)(1 + κ2−(1 + ρ˜2))dt2 + ρ˜2(1− κ2+ρ˜2)dψ2 + 2κ+κ−ρ˜2(1 + ρ˜2)dtdψ] ,
(93)
ds2S3 =
1
1 + κ2−(1− r2) + κ2+r2
×
[
dr2
1− r2 + (1− r
2)
(
1 + κ2−(1− r2)
)
dϕ2 + r2(1 + κ2+r2)dφ2 + 2κ−κ+r2(1− r2)dϕdφ
]
.
(94)
κ± are two deformation parameters of the metric. There is U(1)4 isometry that corresponds to
constant shifts in t, ψ, ϕ, and φ, and the corresponding conserved charges are E, S, J1 and J2.
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Note that this metric has a Z2 symmetry [4], r →
√
1− r2, ϕ ↔ φ, and κ+ ↔ κ− (equivalent to
θ → pi
2
− θ φ1 → φ1, φ2 → −φ2, and κ+ ↔ κ−), and the we can assume that κ ≥ κ− in this paper.
By changing the coordinates, ρ˜→ sinh ρ and r → sin θ, we obtain
ds2A3 =
1
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
[
dρ2 − cosh2 ρ(1 + κ2− cosh2 ρ)dt2
+ sinh2 ρ(1− κ2+ sinh2 ρ)dψ2 + 2κ+κ− sinh2 ρ cosh2 ρdtdψ
]
, (95)
ds2S3 =
1
1 + κ2− cos2 θ + κ2+ sin2 θ
[
dθ2 + cos2 θ
(
1 + κ2− cos2 θ
)
dϕ2
+ sin2 θ(1 + κ2+ sin2 θ)dφ2 + 2κ−κ+ sin2 θ cos2 θdϕdφ
]
. (96)
The AdS part of the metric has a singularity (or rather a surface of singularity) at ρ = ρs with
ρs being a solution of
cosh2 ρs =
1 + κ2+
κ2+ − κ2−
. (97)
It can be checked that this is the curvature singularity as in the case of one-parameter deformed
geometry. From a point in the bulk, the singular surface can be reached in a finite coordinate time
t but it takes infinite affine time as also in the one-parameter deformation case, The coordinate
time from the center to the singular surface reads
t =
∫ ρs
0
dρ
cosh ρ
√
1 + κ2− cosh2 ρ
= arctan
[
sinh ρs√
1 + κ2− cosh2 ρs
]
= arctan
1
κ+
. (98)
Interestingly, this result is independent of the second deformation parameter κ− and precisely
agrees with that of one-parameter deformation case [19]. Especially, in a limit, κ− → κ+ (κ+ ≥
κ−), the singular surface is pushed to infinity, ρs → ∞, but the coordinate time is still t =
arccotκ+. Under the undeformed limit κ+ → 0, we have t = pi/2.
Next we consider the affine parameter tA. In the massless condition, 0 = p
2 = Gttptpt+G
ρρpρpρ
with E = −pt and pρ = Gρρ dρdtA leads to
−1 + κ
2
− cosh
2 ρ− κ2+ sinh2 ρ
cosh2 ρ
(
1 + κ2− cosh2 ρ
) E2 + 1
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
(
dρ
dtA
)2
= 0 . (99)
Thus,
tA =
∫ ρs
0
dρ
E
cosh ρ
√
1 + κ2− cosh2 ρ
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
=− 1
2E(κ2+ − κ2−)
[
2κ− ln
(√1 + κ2− cosh2 ρ+ κ− sinh ρ√
1 + κ2−
)
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+ κ+ ln
(
1 + κ2− cosh
2 ρ− κ2+ sinh2 ρ(
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
)
+ 2κ+ sinh ρ
√
1 + κ2− cosh2 ρ
)]
ρ→ρs
→∞ . (100)
Thus, it takes infinite affine time to reach the singular surface. Note that in the κ− limit, we
recover the one parameter deformation case
tA =
1
Eκ+
arctanh
(
κ+ sinh ρ
)∣∣∣∣
ρ→ρs
=∞ . (101)
New coordinates By following [19], we may define a new coordinate χ as
coshχ =
√−gtt =
cosh ρ
√
1 + κ2− cosh2 ρ√
1 + κ2− cosh2 ρ− κ2+ sinh2 ρ
, (102)
which covers 0 ≤ χ ≤ ∞ for 0 ≤ ρ ≤ ρs. With this new variable, the AdS part of the metric can
be expressed as
gttdt
2 =− cosh2 χdt2 , (103)
gψψdψ
2 =− 1
2κ2+κ2−
[
(κ2+ + κ2− + 2κ2+κ2−) + (κ4+ + κ4−) cosh
2 χ
− (κ2+ + κ2−)
√
f1(κ+,κ−;χ)
]
dψ2 , (104)
gtψdtdψ =
1 + (κ2+ + κ2−) cosh
2 χ−√f1(κ+,κ−;χ)
2κ+κ−
dtdψ , (105)
gρρdρ
2 =
1 + (κ2+ + κ2−) cosh
2 χ+
√
f1(κ+,κ−;χ)
2f1(κ+,κ−;χ)
dχ2 , (106)
f1(κ+,κ−;χ) =4κ2−(1 + κ2+) cosh
2 χ+
(
1 + (κ2+ − κ2−) cosh2 χ
)2
. (107)
With these new coordinates, we may revisit the PP-wave limit. The standard pp-wave limit
corresponds to zooming up the near boundary region of the AdS space, which is a part seen by a
fast rotating string. We now consider a similar limit in this new coordinate, which corresponds to
zooming up near the singular surface.
The definition of the new coordinates and the limit are the same, where we use χ instead of ρ
that covers inside region bounded by the singular surface ρ = ρs:
z = 2
√
2eχ0−χ , x± = eχ0∓θ0(ψ ± t) . (108)
Taking the following limit:
ρ0, θ0 →∞ , eθ0−χ0 = 2µ = fixed. (109)
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Plugging these in to the aforementioned new metric, and taking the limit κ± → 0 with κ±e2ρ0 = µ±
kept finite (∆ = 2(µ+ − µ−)), we find that the reduced metric is
ds2 ' 1
z2
[
dz2 − µ2z2dx2+ + 2dx+dx− −
µ2∆2
z2
dx2+
]
. (110)
In this simplified limit, this is equivalent to the PP-wave limit in the original coordinates as
discussed in Section 4. It might suggest that the properties near the AdS boundary and the
singular surface are quite similar at least in this limit.
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